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ABSTRACT: We present experimental measurements of multi-particle Lagrangian 
statistics in high Reynolds number turbulence. We find that initial separations play an 
important role in the evolution of particle separation and the area or volume enclosed by 
multiple fluid particles. A time scale associated with the initial separation appears to be a 
natural time scale for characterizing the evolution. The existence of any universal scaling 
law for the evolution of particle clusters is possible only if this time scale is much smaller 
than the turbulence integral scale, the largest time scale of a turbulent flow, requiring very 
intense flows with large Reynolds numbers. 
 
I. INTRDUCTION 

Turbulent flows feature efficient dispersion and mixing[1]. To study turbulent 
dispersion and mixing, it is natural to follow fluid elements as they move in the flow field – 
the Lagrangian approach[2]. Recent progress in the study of Lagrangian turbulence have 
provided broader perspectives in combination with the traditional Eulerian approach and 
have contributed a deeper understanding of the nature of turbulence[3,4]. For example, it has 
been shown that the anomalous scaling of the structure functions of a scalar field is 
intrinsically connected to the correlation between the motion of Lagrangian particles in 
turbulence[3].  

Advances in experimental techniques have always been an important stimulus in 
turbulence research. The Lagrangian Particle Tracking (LPT) technique, developed only in 
recent years, has already yielded high quality experimental measurements of Lagrangian 
statistics and revealed interesting dynamical properties of Lagrangian turbulence[5-9], 
especially at the high Reynolds numbers that are still not easily achievable in numerical 
simulations. 

In this paper, we present experimental measurements of turbulent dispersion, 
represented by the separation of particle groups in high Reynolds number turbulence. We 
measured the evolution of the distance between two particles, the triangles formed by three 
particles and the tetrahedra consisting of four particles. We observed that the initial 
separations play an important role in these problems and we show that a time scale 
associated with the initial separation is the characteristic time scale for the evolution 
process. 

 
II. LAGRANGIAN PARTICLE TRACKING 

In LPT experiments, the flow is usually seeded with particles whose optical or acoustic 
properties are different from the fluid and can be detected with appropriate sensors. For the 
tracer particles to follow the turbulent flow faithfully, both their size and response time 
must be small compared to the corresponding smallest characteristic scales of the 
turbulence, i.e., the Kolmogorov length scale, 

!  

" , and the Kolmogorov time scale, 

!  

" # . 

Due to the difficulty in detecting small particles acoustically, optical detection is used in 
most LPT experiments.  

In optical LPT experiments, particle images are recorded with light detecting devices, 
usually cameras; specially-developed sensors, however, have also been used[5,6,10,11]. To 



obtain three-dimensional information about the particles, simultaneous images of the flow 
field from different viewing angles are usually required. These images are first processed to 
find the particle centers on the image planes. Then, the known position and orientation of 
each image plane, determined by calibration, are used to match the particle centers 
stereographically to find particle centers in 3D space, which are then tracked in time to 
produce particle trajectories. The details of the LPT algorithms that we used, together with 
a comparison of many other known algorithms, are described in Ref. [12]. 

In Lagrangian experiments, because of the desire to follow tracer particles for long 
times, turbulent flows without significant mean flow velocities are usually employed. 
Swirling flows between counter-rotating disks have often been used in LPT experiments. 
The results reported here were obtained from such a swirling water flow device. (See, e.g., 
Ref. [6] for the details of the apparatus.) We use the Taylor microscale Reynolds number 

!  

R" # 15 $ u L % to characterize the turbulent flow, where 

!  

" u  is the turbulence fluctuating 

velocity, L is the integral length scale, and 

!  

"  is the kinematic viscosity of the working 
fluid. In our flows, the integral length scale is L=7cm, independent of Reynolds number.  

In this paper, we present data up to 

! 

R" = 815, at which the Kolmogorov scales are 

!  

" = 23µm and 

! 

"# = 0.54ms. We used polystyrene particles of diameter 

!  

d = 25µm and 

density 

!  

" p = 1.06g/cm3 as tracer particles, which have been shown to behave as passive 

tracers even at 

!  

R" = 1000  in the same flow[6]. To resolve the fast motion of the flow, we 
use three Phantom v7.1 cameras from Vision Research, Inc. that can record 8bit images of 
256 by 256 pixels at a frame rate up to 27,000 frames per second, which corresponds to 15 
frames per 

!  

" #  at 

!  

R" = 815. The size of our measurement volume is approximately 

(5cm)3, comparable to the integral length scale; hence, we can follow particles for times 
comparable to the integral time scale 

!  

TL = L / " u  , the largest time scale in turbulence. The 
details of the experiments have been reported before[7,13]. We present here new longer-time 
statistics that are obtained from a reanalysis of experimental data. 

 
III. RELATIVE DISPERSION 

Turbulent relative dispersion, i.e., the separation rate of fluid particle pairs in a 
turbulent flow field, is a long-standing problem in fluid mechanics. Let 

! 

R(t) " X1(t) # X 2(t) be the separation vector between two particles at 

!  

X1(t) and 

!  

X2(t) . 
The well-known Richardson-Obukhov t3-law[14,15] then predicts that the mean-square 
separation increases as 

!  

R2
(t) = g"t 3                             (1) 

where 

! 

•  means ensemble average, 

!  

"  is the mean turbulent energy dissipation rate per 

unit mass, and g is postulated to be a universal constant. The Richardson-Obukhov 
prediction is not only important to practical problems such as dispersion and mixing, but is 
also the assumption behind many turbulence theories that often involve dimensional 
argument. Despite enormous effort to look for this famous t3-law over the past 80 years, 
there has been no conclusive evidence reported[14]. Our measurements did not provide 
support to Eq. (1); instead, we observed that the initial separation between particle pairs 
plays an important role, as first pointed out by Batchelor[16]. As shown in Figure 1(a), our 
data are in excellent agreement with the Batchelor prediction 
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where 

!  

"R(t) # R(t) $ R0  is the increment of separation, 

!  

R0 = R(0)  is the initial 
separation, C2 is the universal constant for the second-order Eulerian velocity structure 
function, and t0 is the correlation time for eddies of size R0 in turbulence. 

In order to test Eq. (1), we also measured 

!  

R2 / 3
(t) " R

0

2 / 3  as in Ref. [7]. Fig. 1(b) 

shows that quantity compensated by (t/t0). If Eq. (1) holds, data for different R0 should 
collapse to the same plateau value in the range t0<<t<<TL, which is, however, not what we 



have found. The initial separations R0 again play a role here. Data for different R0 do reach 
plateaus at t>>t0, but the plateau values depend on R0. This observation supports our earlier 
argument that a large separation between TL and t0, or a very large Reynolds number, is 
required in order to test the existence of the R0-independent Richardson law. 

 

 
(a)                                              (b) 

Figure 1. Turbulent relative dispersion. (a) comparison with Batchelor scaling Eq. (2). (b) test of the 
Richardson scaling Eq. (1). Symbols correspond to different initial separations, ranging from 1mm 
(crosses) to 5mm (circles). The straight line in (a) is the Batchelor prediction. The data are from an 
experiment with Rλ=690 (η=30µm). Similar behavior has been observed in the Rλ=815 experiment. 
 
IV. STATISTICS OF LAGRANGIAN TRIANGLES 

As an extension of the dispersion problem, we also measured the evolution of three 
particles in turbulent flow. We conditioned statistics on particles that form nearly 
equilateral triangles and measured the change of the size and the distortion of the shape of 
these triangles. In Figure 2(a), we plot the statistical evolution of the longest, the median, 
and the shortest edges of initially nearly equilateral triangles with different initial sizes. The 
evolution of triangles with different initial sizes are similar if the time is scaled by t0, here 
defined based on the initial length of the side of the equilateral triangles. The same is true 
for the shape of the triangles, as shown in Figure 2(b). Initially equilateral triangles are 
distorted to obtuse triangles and the transition period is of the order of t0. The apparent 
stationary values of the average angles are 0.56� , 0.27� , and 0.17� , respectively, and are 
independent of Reynolds number. These observations are in agreement with earlier results 
on three particles in 3D numerical simulations[17] and in 2D experiments[18]. 
 

 
(a)                                             (b) 

Figure 2. Evolution of triangles. (a) the mean-square length of sides; (b) the average angles. Different 
symbols are for different initial sizes, 4mm to 8mm. In (a), from top to bottom, the collapsed curves 
correspond to the longest, the median, and the shortest sides. In (b), the same order is for the largest, the 
median, and the smallest angles. Data are from the Rλ=815 experiment; the Rλ=690 data give essentially 
identical plots. 



 
V. STATISTICS OF LAGRANGIAN TETRAHEDRA 

Even though a lot of information can be revealed by two or three particle statistics, the 
study of four particles is necessary to characterize the geometrical properties of 3D 
turbulence fully. In a homogeneous flow, the shape and the volume of the tetrahedron 
formed by the four particles may be quantitatively described by the following matrix[19]: 

!  

m " #1, #2, #3[ ]     with  

#1 " X 2 $ X1( ) 2

#2 " 2X 3 $ X 2 $ X1( ) 6

#3 " 3X 4 $ X 3 $ X 2 $ X1( ) 12

% 

& 
'  '  

(  
'  
'  

          (3) 

where the

!  

X i  (i=1 to 4) are the positions of the Lagrangian particles. The inertia matrix is 

simply 

!  

M = mmT , whose eigenvalues g1, g2, and g3 (

!  

g1 " g2 " g3 ) contain all the 

information about the shape and the volume of the tetrad. The volume is 

!  

V = 1

3
g
1
g
2
g
3

 

and the normalized eigenvalues I i=gi/(g1+g2+g3) characterize the shape: I1=I2=I3=1/3 means 
a regular tetrad; I3=0 means that the tetrad degenerates to a coplanar configuration; and 
I2=I3=0 indicates a collinear configuration. In order to study the shape evolution, we 
conditioned our statistics on initially nearly regular tetrads with the lengths of all sides are 
within 10% of a nominal size R0. Statistics from three groups of tetrads with different R0 
are measured. 
 

 
(a)                                             (b) 

Figure 3. Evolution of tetrahedra. (a) the dimensionless mean eigenvalues of the moment of inertia matrix 
gi/R0

2; (b) the mean normalized eigenvalues Ii. Different symbols are for different initial sizes, 10mm to 
20mm. In (a) and (b), from top to bottom, the collapsed curves correspond to the largest, the median, and 
the smallest eigenvalues, respectively. Data are from the Rλ=690 experiment; the Rλ=815 data are similar. 
 

In Figure 3(a), the eigenvalues normalized by the initial tetrad size 

!  

gi R0
2  are plotted 

as a function of (t/t0). The collapse of the data again clearly indicates the importance of the 
time scale t0. The shape evolution shows similar behavior: initially regular tetrads deform 
to nearly planar shapes after times of the order of t0. The stationary values of the average 
normalized eigenvalues are <I1>≈0.69, <I2>≈0.25, and <I3>≈0.06, close to our previous 
measurement[20] with all the tetrads detectable. We note that a Richardson-like scaling gi~t3 
was not observed in our experiments in all Reynolds numbers and the initial separations 
accessible. 

There have been only very few numerical studies of tetrad dynamics in 3D turbulence, 
all at relatively low Reynolds numbers[19,21]. Our experimental observation is in qualitative 
agreement with the most recent numerical simulations in Ref. [20], which is also at the 
highest Reynolds number (

!  

R" = 280) among all these numerical investigations. The 
stationary shape of the tetrads reported are <I2>≈0.16, and <I3>≈0.02, indicating that more 
tetrads with large deformation towards co-planar configuration were observed in 



simulations. A possible reason for this difference is that tetrads with large deformations are 
more likely to extend beyond the measurement volume and are hence not detectable in 
experiments. The experiment data are biased in favor of small deformations. 

The simulations, however, looked at tetrads with initial size in the dissipation range 
(

!  

R0 " # ). The decrease of g3 at shorter times was attributed to the dissipative behavior and 
was also accused of contaminating the inertial-range scaling that leads to the absence of 
Richardson scaling. We note that, however, all above persists even if the initial tetrad sizes 
are well in the inertial range. (Recall that the Kolmogorov scale is 

!  

" = 30µm  in our flow 
at 

!  

R" = 690.) It seems then that the lack of t3 scaling reflects the small separation between 
TL and t0. 

The similar evolution of gi in experimental data, where R0 is in the inertial range, and in 
simulations, where R0 is in the dissipation range, suggests that statistically, the 
coarse-grained velocity gradient in the inertial range is very similar to the true, point-wise 
velocity gradient tensor[22,23]. This will be an interesting problem for future studies. 
 
VI. CONCLUSION 

We reported experimental Lagrangian measurements of multi-particle statistics in an 
intense turbulent flow. Our results clearly indicate that the initial separation has to be taken 
into account in the study of multi-particle evolution, especially for flows of practical 
interest. Only when the ratio between the turbulence integral time scale and the time scale 
associated with the initial separation is large, i.e., in very high Reynolds number flows, can 
the initial separation be possibly ignored. Our measurements with three or four particles 
show that, on average, the turbulent flow tends to deform fluid volumes to nearly planar 
shapes. In the future, the study of the geometrical properties will certainly be combined 
with the dynamics of turbulence and will likely lead to deeper understanding of turbulence 
at both inertial and dissipative scales. 
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