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We report measurements of the curvature of Lagrangian traje ctories in an intensely turbulent
laboratory water 
ow measured with a high-speed particle tr acking system. The probability density
function (PDF) of the instantaneous curvature is shown to ha ve robust power-law tails. We propose
a model for the instantaneous curvature PDF assuming that th e acceleration and velocity are uncor-
related Gaussian random variables, and show that our model reproduces the tails of our measured
PDFs. We also predict the scaling of the most probable vortic ity magnitude in turbulence, assuming
Heisenberg{Yaglom scaling. Finally, we average the curvature along trajectories, and show that by
removing the e�ects of large-scale 
ow reversals the �ltere d curvature reveals the turbulent features.

PACS numbers: 47.27.Jv,02.40.-k,02.50.-r,47.27.eb

Despite a long history of scienti�c investigation, 
uid
turbulence remains one of the most challenging unsolved
problems in physics. As with any problem in 
uid dy-
namics, turbulence can be described in either the Eule-
rian framework, where 
ow properties are measured at
a set of points �xed with respect to a laboratory refer-
ence frame, or the Lagrangian framework, where prop-
erties are measured along the trajectories of individual

uid elements. While Eulerian turbulence measurements
have been performed for more than a century, robust La-
grangian experiments have only recently become possi-
ble [1{4]. With the development of Lagrangian particle-
tracking techniques has come a corresponding renewed
interest in the Lagrangian properties of turbulence [5, 6].

Most studies of Lagrangian turbulence focus on the
statistics of the velocity or acceleration. Recently, how-
ever, Braun et al. [7] have considered the purely geomet-
rical characteristics of Lagrangian particle trajectories in
both a simple model 
ow and a direct numerical simula-
tion of the Navier-Stokes equations at low Reynolds num-
ber. They reason that a Lagrangian trajectory is simply
a space curve in three dimensions, and as such is com-
pletely determined by its curvature and torsion. They
found that the probability density function (PDF) of the
curvature of Lagrangian trajectories has very pronounced
power-law tails, and attempted to connect these tails to
velocity gradients. In this Letter, we present measure-
ments of the curvature of Lagrangian trajectories in an
intensely turbulent laboratory water 
ow. We introduce
a model for the PDF based purely on Gaussian statis-
tics rather than on the structure of the turbulence that
captures the observed power-law tails. When, however,
the curvature is averaged along a trajectory, our simple
model no longer applies. This �ltered curvature is in-
dicative of turbulent structure.

We generated turbulence in a closed water 
ow be-
tween counter-rotating disks [8{10]. Lagrangian mea-
surements were made by �rst seeding the 
ow with 25

� m polystyrene microspheres with a density 1.06 times
that of water, which have been shown to be passive trac-
ers in this 
ow [9]. These particles were smaller than or
comparable to the smallest length scale of the turbulence,
the Kolmogorov length scale � = ( � 3=�)1=4, where � is
the kinematic viscosity and � is the mean rate of energy
dissipation per unit mass. A inertial range subvolume
of 5 � 5 � 5 cm3 in the center of the tank was illumi-
nated with 150 W of light from two pulsed, frequency-
doubled Nd:YAG lasers, and the three-dimensional mo-
tion of the particles was followed using three high-speed
CMOS cameras that captured images at a rate of 27 000
frames per second with a resolution of 256� 256 pixels, so
that the smallest turbulent time scale, the Kolmogorov
time scale � � =

p
�=� , was well-resolved. The particle

trajectories were reconstructed using a Lagrangian par-
ticle tracking algorithm [11], and time derivatives were
computed by convolving the particle tracks with Gaus-
sian smoothing and di�erentiating �lters [12]. We char-
acterize the intensity of the turbulence using the Taylor
microscale Reynolds numberR� =

p
15� u L=� , where� 2

u
is the velocity variance and L is the correlation length
of the velocity �eld. In this Letter, we present results at
Reynolds numbers ranging fromR� = 200 to 815.

Any space curve in three dimensions is completely de-
termined by the curvature � and torsion � . In princi-
ple, these quantities are purely geometrical and contain
no dynamical information about the trajectory. If we
parameterize the system by time, however, the curva-
ture and torsion can be written in terms of the temporal
derivatives along the trajectory. Using the Frenet for-
mulas, the instantaneous curvature can be expressed as
� = an =u2 [7], wherean is the magnitude of the normal
acceleration and u is the velocity. The torsion can be
similarly de�ned, but involves the derivative of the accel-
eration; our time resolution is not su�cient to measure
this quantity. We can, however, resolve the curvature.
In Fig. 1, we show the PDFs of the curvature measured
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FIG. 1: (color online) PDFs of the curvature � nondimen-
sionalized by � for eight di�erent Reynolds numbers, ranging
from R � = 200 (top curve) to R � = 815 (bottom curve). The
PDFs have been shifted vertically for clarity. The solid lin es
are reference� 1 and � � 5=2 power laws.

over a range of Reynolds numbers. The same power-law
tails observed by Braunet al. [7] are clearly evident over
many decades of scaling: for small curvatures, the PDF
scales linearly with � , while for large curvatures, it scales
as � 5=2, independent of Reynolds number. We have also
measuredu� , the so-called curvature angular velocity [7].
Just as for the curvature, the PDF of u� shows power-
law tails, with the left side scaling linearly in u� and the
right side decaying as (u� ) � 4 (not shown).

We might expect that high values of the curvature are
associated with small, intense vortex tubes like those
found in numerical simulations [13, 14]. Biferale et
al. [14] found that such vortex tubes are linked to in-
tense acceleration events, and in particular to high val-
ues of the normal acceleration [15]. In Fig. 2, however,
we show that high curvatures are not strongly correlated
with high normal accelerations, but instead are corre-
lated with low velocities. This can be seen both from
the joint PDFs in Fig. 2 and from the PDF quotients Q,
de�ned as

Q(x; y) � log10

�
P(x; y)

P(x)P(y)

�
; (1)

similar to the residuals suggested by Biferale & Toschi
[15]. Q gives a direct measure of the correlation, since
Q(x; y) = 0 for uncorrelated variables; Q > 0 then means
positive correlation, while Q < 0 means anticorrelation.

Figure 2 therefore suggests that the high-curvature
events are caused by particles reversing direction, where
the particle velocity will become very small. This hy-
pothesis is supported by the very large values of curva-
ture we observe in Fig. 1; for example, atR� = 815 a
curvature of 102� � 1 corresponds to a radius of curvature
of 0:2� m, much smaller than the scale of any turbulent
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FIG. 2: (color) Joint PDFs of the curvature, nondimension-
alized by � , and (a) the velocity magnitude and (c) normal
acceleration magnitude, normalized by their standard devi a-
tions, at R � = 815. Panels (b) and (d) show the PDF quo-
tients (Eq. (1)) for the same quantities. The behavior of the se
PDFs at other Reynolds numbers is similar.

motion. These very intense curvatures therefore e�ec-
tively correspond to vanishing radii of curvature. Our

ow reversal hypothesis is further supported by the tem-
poral correlation functions of the logarithm of the cur-
vature conditioned on the curvature magnitude. As the
magnitude of the curvature increases, we �nd that the
correlation time decreases, as would be expected for a
large-scale 
ow reversal but not for particles caught in
long-lived vortex tubes. The large-scale sweeping of the

ow rather than the turbulence may therefore account
for the shape of the curvature PDF.

We have investigated this hypothesis in more detail by
considering simulations of simple 
ows. We �rst simu-
lated the case of a random ensemble of linear 
ows around
stagnation points with a superimposed global oscillation.
The PDF of the curvature measured in this simulation
showed the same structure as the experimental data. We
also computed the curvature of trajectories in Sawford's
second-order Lagrangian stochastic model [16], and again
reproduced the shape of the measured PDF, even though
this model assumes that the acceleration components are
Gaussian random variables. The shape of the PDF there-
fore appears to be very general, and seems to be indepen-
dent of the turbulence.
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We now argue that both tails of the instantaneous cur-
vature PDF are determined primarily by Gaussian statis-
tics and not by turbulent gradients. It is well-known that
the components of the velocity in turbulence are Gaus-
sian random variables. In isotropic turbulence, where we
additionally expect the components to be independent,
u2 should then be distributed according to a chi-squared
distribution of dimension 3. Since � = an u� 2, the PDF
of the curvature as � ! 1 scales like the PDF ofu� 2,
which we denote byPu � 2 (y), asu2 ! 0, assuming thatan

remains �nite in this limit. But, assuming a chi-squared
distribution for u2, Pu � 2 (y) � y� 5=2 as u2 ! 0, recover-
ing the scaling of the right side of the PDF.

In a similar way, we can explain the scaling of the left
side of the PDF. In this limit, as � ! 0, the PDF of
the curvature scales like the PDF ofan as an ! 0. We
again assume that the components ofan are independent
Gaussian random variables, a reasonable approximation
for small values ofan . The PDF of a2

n , which we denote
by Pan (z), is then a chi-squared distribution of order 2,
since the normal acceleration is con�ned to lie in the
plane orthogonal to the velocity vector. As an ! 0,
Pan (z) � z, and we recover the scaling of the left side
of the curvature PDF. We note that the shape of the
PDF of u� can be found with similar arguments to those
presented here for the curvature alone.

By additionally assuming that the velocity and acceler-
ation are uncorrelated, we can compute the full curvature
PDF in our model. This PDF can be expressed as a func-
tion of a single dimensionless parameter� � �� 2

u =� a , and
is given by

P� (� ) =
e� � 2 =16

16
p

2�� 4

��
3 +

1
2� 2

�
K 3=4

�
1

16� 2

�

�
�

5 +
1

2� 2

�
K 1=4

�
1

16� 2

��
; (2)

where K is the modi�ed Bessel function of the second
kind. If we introduce turbulence into the model by as-
suming Heisenberg{Yaglom scaling [3, 9] for the accel-
eration variance, we can further write that � � ��R � .
Similarly, in our model the PDF of the curvature angu-
lar momentum u� = an =u can be written as

Pu� (� ) =
3�

(1 + � 2)5=2
; (3)

where � � u�� u =� a . Again assuming Heisenberg{
Yaglom scaling, we have that� � u�� � R1=2

� .
In Fig. 3, we show the same PDFs as in Fig. 1, now

as functions of��R � , compared with our theoretical pre-
diction P� (� ). We note that, since acceleration may be
under-resolved in our system at high Reynolds number
[10], we have �t a correction factor to the acceleration
variance. With this correction (of less than 30%), the
dimensionless combination��R � collapses the curvature
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FIG. 3: (color online) The curvature PDFs now plotted as a
function of ��R � , including corrections (of less than 30%) to
the acceleration variance, and compared with Eq. (2) (solid
line). The inset shows the data plotted on logarithmic axes;
our theory clearly captures the power-law tails of the PDF.
In the main panel, the data are plotted on linear axes. The
data collapse for the di�erent Reynolds numbers, but the pea k
of the model PDF is di�erent from that of the experimental
PDFs.

data for di�erent Reynolds numbers, and Eq. (2) cap-
tures the tails of the PDF.

The peak of the model PDF, however, does not fall
exactly on the experimental curves. It is likely that the
systematic deviation of the data from the model re
ects
both the highly intermittent tails of the turbulent accel-
eration PDF [3, 9, 12] and the correlation of acceleration
and velocity in turbulence [17]. Neither e�ect is included
in our simple model. The experimental data do, however,
collapse with our scaling variable��R � . Thus, the most
probable curvature in turbulence scales with (�R � )� 1

and the most probable curvature angular velocity with
� � 1

� R� 1=2
� . Since Braun et al. [7] found that the most

probable value of the vorticity magnitude is roughly four
times the most probable value ofu� , we therefore predict
that the most probable vorticity magnitude in turbulence
should scale with Reynolds number as� � 1

� R� 1=2
� .

We have shown that the gross features of the instanta-
neous curvature PDF are captured by our simple Gaus-
sian, uncorrelated model, and in particular that intense
curvatures are dominated by large-scale 
ow reversals.
Since the correlation time of intense curvature is short,
however, it is possible that by averaging the curvature
along a trajectory we can reduce the dependence of the
curvature on these 
ow reversals and reveal more of the
structure of turbulence. This type of averaging was con-
sidered previously by Biferale & Toschi [15] for the joint
statistics of the normal acceleration and the enstrophy,
and found to have a large e�ect. We therefore have aver-
aged the logarithm of the curvature over some time win-
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FIG. 4: (color online) PDFs of the logarithmically �ltered
curvature at R � = 815 for � = 0 (no �ltering), � � , 5� � , 10� � ,
and 15� � from top to bottom, o�set vertically for clarity. The
shape of the PDF changes dramatically when the curvature
is �ltered.
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FIG. 5: (color) The same quantities as in Fig. 2 at R � = 815,
but now with the curvature �ltered over � = 15 � � .

dow � along a trajectory. PDFs of this �ltered curvature
are shown in Fig. 4 for several values of �. It is clear that
such �ltering changes the PDF markedly, and that the
PDF now no longer agrees with our simple model. Both
tails are suppressed, and the shape of the �ltered PDF is
independent of � for at least 5 � � � � � 15� � , suggest-

ing that it is a feature of turbulence. In further support
of this hypothesis, the curvature PDF in our simple lin-
ear 
ow simulation is insensitive to �ltering. In Fig. 5,
we show the joint PDFs and PDF quotients of �ltered
curvature with velocity and normal acceleration. As we
would expect, intense �ltered curvature is less strongly
tied to low velocities, since the �ltering e�ectively re-
moves the short-lived 
ow reversal events. For high cur-
vatures, however, the structure of the joint PDF with
normal acceleration is relatively unchanged and the two
remain correlated. Coupled with the results of Biferale &
Toschi [15], the �ltered curvature may therefore be cor-
related with vorticity, and could be used as an indicator
for structures in turbulence. We also note that we see
similar behavior for the �ltered curvature angular veloc-
ity, and that our results do not change when we �lter an

and u2 separately before constructing the curvature.

In summary, we have measured the curvature of La-
grangian trajectories in turbulence. With a simple
model, we have captured the tails of the instantaneous
curvature PDF, and we suggest that any 
ow where par-
ticle trajectories can reverse direction will show a similar
PDF. Deviations from the peak of the model PDF, how-
ever, are an indication of fully-developed turbulence and
may be due both to the tails of the acceleration PDF
and to the correlation of acceleration and velocity. By
�ltering the curvature along trajectories and thereby re-
ducing the e�ect of 
ow reversals, we �nd signi�cantly
di�erent behavior, again characteristic of the structure
of turbulence.
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